
ON T H E  S T A B I L I T Y  OF D I F F E R E N C E  S C H E M E S  

F O R  N O N L I N E A R  H E A T  C O N D U C T I O N  P R O B L E M S  

L .  S .  M i l o v s k a y a  UDC 536.2.01 

A nonlinear heat conduction problem with nonlinear boundary conditions is solved by the 
f in i te-di f ference method. The stabil i ty of the difference scheme is investigated.  

Some questions on the stabil i ty of difference schemes  for nonlinear heat conduction problems are  
studied in [7-10]. In contras t  to these papers ,  we investigate he re  the stabili ty of an implicit  two- layered  
difference scheme with nonlinear boundary conditions. 

The questions of the existence and uniqueness of the solution of the problems under considerat ion,  
as well as the convergence of the solution of the difference schemes  to the solution of the differential  equa- 
tion problem,  a re  studied in [1, 2, 4-6].  

1. We consider  the following problem:  

Ou O [ )~(u) OU l - - c ( x ,  t, u)u; (1) 
p (u) at Ox ax ]. 

.(x, O)=o2(x); .(0, t )=ql( t) ;  .(l,  t)=q2(t); (2) 

c>O;  ~,>0; dqa .~M; d q 2 1 ~ M .  (3) p > 0 ;  
dt dt I 

The f in i te -d i f ference  scheme 

/g in  - -  Ul,  ~--1  

Pz,~-I At 
~i ,  n - -1  (UI+I, /~ - -  U i , n )  - -  ~ i - - l , n - - 1  ( l l in - -  Ui--1, n) 

: A x  2 C i , n - l U l n ;  

Ulo = q)~; Uon = q~-); UNn = q(2") 

approximates  the problem (1)-(2) with o rde r  o(At + Ax2). We t r ans fo rm (4) into the fo rm  

At [ At ] + ~  At 
i-l .n-l  ~xg Ui-m,~-- Pt . . . .  l + Atci.n_l + (Xi,n_l + Xi_l.n) -~-xZ u,~ ~,~-1" - -  ui§ = 2 

q(7) - -q~- ,  Uo,n = qin-,) + At At "; uN~ = q(2n-~) + At q(2n) --q(2n-l) 
- A t  ; u i ~  = (Pi" 

(4) 

(5) 

We obtain a l inear  implicit  scheme,  where the coefficients of the unknowns are  the known values of the func-  
tions ~, p, and e on the previous  l ayer .  We investigate the stabil i ty of the scheme (5). We rep resen t  the 
solution of problem (5) in the fo rm 

ui~ = Wi~ + VinAt, (6) 

where Win and Vin a re  the solutions of the problems 

AW~_I - -  2BW~ + CWi+I = - -  pi.~_lui,n_, (7) 

W o = q~'~-l), WN = q2('*--I); 
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A V I _ I  - -  2BVi  + CVi+ ~ ---- O, 
o(n) - -  .(n--l) q(2 n) __ q~.-~) 

Vo 71 ~ VN = - -  
=- A t  ' A~ 

H e r e  

A =  At X , - . - 1 ;  C = At X~..-1; 
Ax 2 Ax ~ 

[ At] 
B = 0,5 Pi . . -1  + Atc i ,n-1  + (Xi ,~- i  + X i - L ~ - a ) ~ x  C " 

We have the e s t i m a t e s  

A + C  
A > 0 ;  C > 0 ;  B > . - - + 6 ;  6 > 0 .  

2 

Then,  acco rd ing  to (3), Vin and Win sa t i s fy  the condi t ions  

maxl Vi 1 ~  -(..max..{ ] ql'~ - -  q~n-l) [ A t  , lq~ ") - -  a(n-1) 1 ~ _ ~ 2  /' 

maxN_i [gi'~-lui'~-I l } 
maxl Wi t ~  maxtlq~ "-I)1, [ [q6"-"  I, " "~maxlu*,~-d" 

i 9f,n-1 + Arc.+, 

F r o m  h e r e ,  on the n - th  l a y e r ,  by  v i r t ue  of (6) and the obta ined es t imates~ we have 

( I ql n) 
max I ut~ I -<:- At max 

," " t At 

...< At max { 

[q(2~) - -q~- ' ) [  } 
At + max ] u~ ~-1 I i 

q ( n ) _  ain-l) I [q~n)_  q(zn-OI } {I q ~ n - 1 ) _  qfn-X)[ [q(zn-1) q(2n-2)[} i "I1 i Ag 
At ' At ~- a~ max At ' At 

+ max [ u~.~_ 21 ._<:... ~ n a t  max [{! qlk) - -  q k-,),, ,~ I 
i " l r  t At 

]q~k) __ q2(k-,I 
At } +r~x/.,or. 

Since t n = n a t ,  we have 

m xl ,o I <*. m, x/I , } ~.n l~k~. ({ ~ i - -d r -  + max]u'~ [' 

Joe., the  so lu t ion  is bounded and the s c h e m e  (5) is s t ab le .  

2. We c o n s i d e r  the p r o b l e m  

OU 
p ( u )  - 

Ot 

[ o.] O X(u) --c(x, t, u)u, 
- - -  O x  

ax & .=o=  - -  ql (t, u I.=o); axf-:E ~=_ _ q~ (t, ul~=t); u (x, O) = 9 (x). 

We make  use  of the fol lowing app rox ima t ion  of the p r o b l e m  (10): 

Uin - -  Ui,n--I ~Li.n--lUi+l,n - -  (~i,~--1 -~ ~i--l,n--1) Uin -{- ~i--i,,z--lUf--l,n 
Pi, n --1 At --  AX ~ Cf,n--lUin; 

Uln - -  HOn UNn - -  UN--I,n 
Ax = - -  ql (Uo,O; hx = - -  q~ (aN,"); u~~ = qh" 

We b r ing  (11) to the f o r m  

Uo. - -  ul~ = h x q l  (Uo~), 

aloUon ~- alluln ~- a12u2n = 1121, 

aN--l, N--2~lN--2,n ~- aN--l, N--1 UN--I,n -~ CIN--I,nUNn ~ ITLN--I' 

%-1 , .  - -  % , .  = Axq~ (%,.) .  

(8) 

(9) 

(lO) 

(11) 

(12) 
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Here  

- -  [P,..-x + (X,,.-I + ~-~.~-1) Ax- ~-At + Atc, _~]; a i ~ =  

At ~ . 
af, i+l : ai+l ,f  ~- ~ i,n=---1, mi  ~ - - P i , r ~ l U i , n - - 1  �9 

We solve the s y s t e m  (12) by an i te ra t ive  method.  We se lec t  an initial approximat ion  in the following manner :  

U(0) ~___ 
/'t[0)un = L/0.n--1; N,n UN,n--I" 

Substituting these values  in the 2nd, (N-1 ) - th  equations of the s y s t e m  0.2), we obtain u (~ 
�9 �9 �9 , i , n  I �9 �9 �9 , 

u(I~l,n.^' We br ing  (12) to a f o r m  which is convenient for  i terat ion�9 We add the f i r s t  equation to the second 

one, divided by all , and the las t  equation to the next to the las t ,  divided by  aN_l,  N-i .  We obtain the following 
sys t em:  

At o..-1) ~ + Atq . ._ i  Z l , r t _ l - ~ - ~  U2,rL [D1,;q--1 "~ (~l,rt--1 .A[_ ~ . At 

U~ = At + Ax At qi (Uo,~) 
9~,~-i + ~1,~+i ~ + Atci,~_l Pl,~-i + Ll.~-i ~ + Atci .~i  

+ 

Pl,n--lUl.n--I [ P l . n - - 1 - ] - ( ~ ' l n  1-]-~ '0n 1) A ' - - - ~ t - I - A t q . . - l ]  

- -  ' - " - A x ~  : * o ( U o  . . . . . . .  U N , ~ ) ,  

At + Atci ~ Pl,n--1 @ Xl .n-1  AXe- ~ -  , -- 

ak_l,k_2 ak_l.h mk 
uh~ u~_~,~ - -  uh_~.~ + = ~h (Uo . . . . . .  UN~), 

At 
~'N--2,n--I AX 2 ttN--2,n 

UNn = ~ t  

PN--I, tt--I -}- ~N 2 n--1 - -  JU Atc N 1 -- , AX 2 - - ,  n--i 

At § 
ON--I, n--I -~- (~'N--1, n--1 + ~N--2, n--l) AXe-'-" ~ AlCN--1, n--I 

- -  Ax At q~ (uN'n) 
9N--1, .--1 § ~N 2 ~--1 t- htCN_l, -- , A X 2 n--1 

~)N--1, UN--I, [DN--I.n--1-]-(~N--In--I-~'~W--2, ") A ~ - ~ A [ C N  l n  l 1 .-~ .-1 . . . .  Ax~ - "  - J ~ , ~  (u ~ . . . . .  , %.)" 
At 

PN--I. + + A 
n--1 "*N--2, n--I AX 2 ~tCN--1, n--I 

For  the convergence  of the i tera t ion p r o c e s s  it is sufficient that 

m a x Z  Or < 1 .  

k 

The inequality holds for  i = 2 . . . .  , N -  1. Fo r  i = 1, N the sum can be made s m a l l e r  than one at the ex-  
pense  of the choice of Ax. Thus,  for  sufficiently smal l  Ax, the i tera t ion p r o c e s s  converges �9  

We invest igate  the s tabi l i ty  of the scheme (11). The e r r o r  in the solution of p rob l em (12) depends on 
the accuracy  with which the values  of u0, n and uN, n can be found, s ince all the remain ing  Uin can be e x p r e s -  
sed exact ly  in t e r m s  of U0n and UNn f r o m  the 2nd . . . . .  (N-  1)-th equations of the s y s t e m  (12). 

. 
Let  U~n and UNn be the exact  solutions of the s y s t e m  (12}. Assume  that as a resu l t  of the computat ions 

one has  obtained the values  

Uo~=Uo~+~;  u~ = u * ~ . + ~ .  
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Then  the s y s t e m  (11) can  b e w r i t t e n  in the f o r m  

~-~.~-~ ~ U~-x. ~ - P~.n-~ + (X~ ~--1 + ~ , . , - 0  A--A-t , ~ hx 2 + Atci,~_l u~ 
)~ At 

-~- i , n _ l - ~ - X 2  Ui+l,n = - - p i , n _ l U l , n ~ l ;  

ULO = (~i "~ Uo, n =llO,n~-O~n' " N , n  ~- lAN,n -~  ~n" 

Let  ui ,  n be  the so lu t ion  of the p r o b l e m  (13). Le t  

g Ln  = l'li,r, - -  " i ,n"  

(13) 

(14) 

Le t  us  p r o v e  that  ei, n r e m a i n s  bounded as  A x - - 0 ,  
(13). We obta in  

At [ At 
Pi,~-i + + :~i-l,,~-l) 

- -  , - -  AX ~ 

Ei, 0 = O; EO, n ~" OSn; EN,n = ~n" 

F o r  such  a p r o b l e m  we obta in  the e s t i m a t e  

max I si,~ [ ~ nat max At ' At " 

The  o r d e r  of the e r r o r s  of a n and fin a r e  a r b i t r a r y .  Le t  

k~-2; k 1, k~ = const, [ ~ , ~ - ~ - ~ I  = n~'A~-~., I t~ ,~ - IL- , I  = n~ 

i . e . ,  it does  not depend on the g r id .  We i n s e r t  (14) into 

At 
(15) 

(16) 

then 

1 
max l eln I ~ max {kl, k~}. 

i,n 17, a - 1  

It is  c l e a r  that  fo r  a = 1 ]ein [ r e m a i n s  bounded,  whi le  fo r  a > 1 [ein I - 0 .  Consequen t ly ,  the s c h e m e  (11) is 
s t a b l e .  

3, We c o n s i d e r  the p r o b l e m  

O < x < c  o 

c o < x < l  

O < x < C o  

,o1(.,) o., o a.1 l; (17) 
Ot Ox L Ox J 

P~(@ Ou~ -- 0 [~("O--~--x Ox (18) 

ul (x, O) = *1 (x); (19) 
(20) 

(21) 

C o < X < !  u:(x, O) = %(x); 

ul(O, t ) =  q~l(t); u~(l, t ) =  r 

ul (Co, t) = u~ (Co, t); 

)~1 (Ul) 0"1 = )~2 (u~) Ou~ ] (22) 

We divide the i n t e rva l  [0, 1] in such  a way  that  the point  x = c 0 be  one of the a p p r o x i m a t i o n  nodes .  
Fo l lowing  (4), we  i n t e g r a t e  wi th in  the l i m i t s  Ix i -  (Ax/2),  xi]  , [xi, x i + (Ax/2)] the equa t ion  

(u) O• = 2_Ox [ ~ (") O" J 

where 

P (.) = ip 1 (.) o < x < Co, ~ (.) = Ix1 (.1) o < x < Co, 
(p~(u) c o < x < l ;  (~,~(u 0 c o < x < l .  

Adding up the r e s u l t s  of the in t eg ra t ion ,  taking into account  (21) and (22), we obta in  

~)i +o,n--1 -]- Pi--0,n--1 U i n - - U i , n - - 1  
u,_l ~ ,  , - -  (~;._ + ~ i ) u~, + Xt+ n i u~§ 

(23) 
2 At Ax z 
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Expanding both sides of Eq. (23) into Taylor series,  we obtain 

o(u)u~ + o(AO = ~'~ u',, + ~u:~ + o(Ax'). 

Consequently, the difference equation (23) approximates the problem (17) with the order o(At + Ax2). 

We have the problem 

At [ P,+o,.-~ + P,-o.n-~ At ] 
Xi--1/2, n--] AX g Uf--l,r~-- - 2 "]- --~2-(Xi--1]2, n--l + X~+I/2, n--l) ufn 

We obtain a problem of type (5). 
of nonlinear boundary conditions 

At P~+o,.-1 + Pi-o,~-x (24) 
"-~Li+I/2, n--I AX 9. ~li+ 1 , n -  2 ULn--1; 

1 
Uio = -~- (*i+o + *i-o); Uo,, = ~,~; un~ = q~,+" 

The scheme (24) is stable if d~ol/dt and d~oz/dt are bounded. In the case 

u'~lx=o-~--ql(t ,  ul~=0); u'~lx=l ~- - -q2( t ,  UIx=t) 

the approximation of the form (23) leads to a problem of type (11), whose stability has been already studied. 
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