ON THE STABILITY OF DIFFERENCE SCHEMES
FOR NONLINEAR HEAT CONDUCTION PROBLEMS

L. S, Milovskaya UDC 536.2,01

A nonlinear heat conduction problem with nonlinear boundary conditions is solved by the
finite-difference method, The stability of the difference scheme is investigated,

Some questions on the stability of difference schemes for nonlinear heat conduction problems are
studied in [7-10], In contrast to these papers, we investigate here the stability of an implicit two-layered
difference scheme with nonlinear boundary conditions,

The questions of the existence and uniqueness of the solution of the problems under consideration,
as well as the convergence of the golution of the difference schemes to the solution of the differential equa-
tion problem, are studied in [1, 2, 4-6].

1, We consider the following problem:

Ou 0 ol . (1)

oW Py = P [)»(u) F” } clx, £, wyu,
u(x, 0)=¢@); «#(0, H=g @O ul, =g (2)
p>0;, ¢>0; A>0; }E% <M, t‘i—zz <M. (3)

The finite~difference scheme

Uy — Uz nr . }"i,n—l (ui+1.n - ui.n) - )“i—l,n—-l (uin - ui—l,n) i
Pin—1 Af = Ax® ™ Cinallind

Ujg = Q3 Uy = qﬁ"’; Uy, = g3

approximates the problem (1)-(2) with order o(At + Ax?), We transform (4) into the form

At At At
Y tn A T [pi,11—1 + Ale; g+ Pina + A n) A—xg] Uin & M,na A lwtn = T Pl
_ - (5)
qim — g{n=1 gim —q—n
Uy, = g"~D + At —'I——A_t!‘—_'; Uy, = q50 -+ At "——[F?’_? Usp = @;-

We obtain a linear implicit scheme, where the coefficients of the unknowns are the known values of the func-
tions A, p, and ¢ on the previous layer, We investigate the stability of the scheme (5). We represent the
golution of problem (5) in the form

uin = Win + VinAt’ (6)
where W;, and V;, are the solutions of the problems

AW, —2BW; 4 CW, 3 = — Py n—ilin—or
WO — qin—l), W/N —_ qf(!n—l);

(7
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AV, — 2BV, + CV,,, =0,

Vo q(ln) — qgn—l) Ve q(zn) - q%"‘]) (8)
0 At ’ N _——Af «
Here
At e N _
A= Ax? hitntl = A Mionts

At
B=10.5 [pi.n-—l + Ale; py + (}"i,n—l -+ )“i—l,n-—l) sz_].

We have the estimates

A>0; C>0; B> A";FC +8 8>0. (9)
Then, according to (3), V;, and W;, satisfy the conditions
a0t )
me}le,-]\{max { A7 , AL ;

-1, {g{n—1) i=he N } < ol
m?Xl W; | < max {I g{"l, [/ 5anat Oins D, o \rri.ax 1,0l

From here, on the n-th layer, by virtue of (6} and the obtained estimates, we have

,q(") — q("“‘l) { [q(’l) — q('l—l)'

m?xluini \<Atmax{ ! Atl v z Af E } + m?x‘ui,n—lf

Jqfn) _ q{rz—l) I lqgﬂ) — qz(rz—l) ! {I q](n—-l) . qffl—~2) l lq(n—l) _ q(n—2)l
. 2 2

<Atmax{ A7 ) Al }+Atmax A7 s ;
() __ g{k—1) (k) . g(k—1)
+max |4, _,| < ... <nAf max g0 — a1, 1o —a I} +max |i;y)-
i I<ken At At i

Since t, = nAt, we have
dq{k)
dt

max |u;, | <{, max { }—}—max|uwl,
in I<k<n i

dgf®
|

i.e,, the solution is bounded and the scheme (5) is stable,

2, We consider the problem

ou 0 ou
P(@*é?=a—x[7»(u) —a]-—c(x, ¢, W,

(10)
0 du
L =~ tled) | =—alt w0t 0) = ().
ax =0 ax x=1
We make use of the following approximation of the problem (10):
Uin —Usn1 Mt — Piny T A _gnn) Uim T+ Attty n . .
Pin-a Al = Axt Cin—1thins
(11)
Uy, — Ugy, Uy — Uy
T = gy (o) g = Gy ()5 e =y
We bring (11) to the form
Ugp — Uy = Axqy (4y,,),
Gotlon + Quatlyy, + Gyglloy, == 1y,
............... (12)

Ay, N2 ¥h—2n T Ayg, N Myt T Oy p gy = My_p

uN-—l,n __uN,n = qui (uN,n)'
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Here

al [pz n—1 + (A’l n—1 + ;\’l—l n-—l) + Atcz n——l]’
Af
O =041, = A Mjpeat M= —0y . llypn g

We solve the system (12) by an iterative method, We select an initial approximation in the following manner:

0) — - 0
ul =ty gy U, =iy,

Substituting these values in the 2nd, . .., (N~ 1)-th equations of the system (12), we obtain ul(oll, ..o
»

ul@l ne We bring (12) to a form which is convenient for iteration. We add the first equation to the second

one, divided by a4y, and the last equation to the next to the last, divided by aN-1,N-t» We obtain the following
system:

}"l.n—-l_—? Ug,n P1,n—1+ A+ n—l) + Aley, 4
Ax
Upp = Af +Ax Af q1 (uOn)
Pino1 T Mny1 A + Aley oy Pt Mg —— . T Atey 4
At
PLn—tina|Prnoa T Aynat Rons) Al Afeyn_y
- 3 Y; E=IRUN (7N uN,n),
Praat Mooy ——— T Aley 54
Ax?
A _1,p Q1 my,
Upn — a 2 k—2, 71 [Z_-——- k—1.n + = qjh (u()n’ ’ uNn)!
B 1,k—1 h—1,h—1 ~1,h—1
At
_ 7\’N-—2 n—1 sz N—2,n
Unp = -
pN—-l, n—l + }‘ + AL‘C —1, n—1

N—2, n—1 A 2

Ont, net T Oyy, ey + }"N—2 n~l) + Atey oy
— Ax ds (uN ,n)
Ont, n1 T Ancs n A +Atc1v—1 n—1

‘ At
On—1, n—1¥n_i, {pN-—I,n—1+(7”N—1,n—1'*‘}"N—2, n—l)Zx_g_*—AtcN—l,n—l.‘
+ : A — = 'lPN (u‘On’ Tt uNn)'
On—t, nmt T Myg, nt AR + Aoy

For the convergence of the iteration process it is sufficient that

A N

< 1.
smd| Ouy
£

The inequality holds for i =2, ,,., N—1, For i = 1, N the sum can be made smaller than one at the ex-
pense of the choice of Ax, Thus, for sufficiently small Ax, the iteration process converges,

We investigate the stability of the scheme (11), The error in the solution of problem (12) depends on
the accuracy with which the values of uyn and uN,n can be found, since all the remaining uj, can be expres-
sed exactly in terms of uyy and uNn from the 2nd, ..., (N—1)-th equations of the system (12).

Let uon and uNn be the exact solutions of the system (12), Assume that as a result of the computations
one has obtained the values

* . o
Ugn = Uy, + o) Uy, = Uy, -+ ﬁn'
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Then the system (11) can be written in the form

At At
i=tnt o B [pi,n—d Pty 2o T Afﬁi,n_1] Hin
At
+ A‘i.n—-l_“A;é_ Uiytn = = Din—1bi,n-13 (13)

- P * . — *
Uig = @5 U, =Up ity = thy  + By

Let Uj  be the solution of the problem (13), Let
€50 = Uim — Ui - (14
Let us prove that €j,n Temains bounded as Ax—0, i.e,, it does not depend on the grid, We ingert (14) into
(13}, We obtain
At

i—1,n—1 Ax?

At At
Eitn — [pi.n—l + (s T Aigna) At + Atci.n-l] B0 T Ainy A &ii1n = — Pinafinn  (15)

-

&0=0; g, =0, &y n = P

For such a problem we obtain the estimate

max]ain1<ﬁnAtmax{ oy =0l 1By — By | } (16)

At At

The order of the errors of a, and B, are arbitrary, Let

R k
lan — Q. l = _i—; l ﬁn - ﬁn—li = 20 ; kl’ k2 = const,
n n
then
n}ixlsin | < a1 12X {kys ko).

It is clear that for a = 1|g;,| remains bounded, while for a > 1]¢;,| —~0. Consequently, the scheme (11) is
stable,

3. We consider the problem

0<x<<ey oy (1) 05; :"‘(% [}"1(%) ‘—:;11 } (17)
Co<x <! p2(u2)%i2_:a—i'[}"2(uz)%} (18)
0<x <<y, uy (x, 0) = v (x); (19)
C<x<<! Uy (x, 0) = ¥, (x); (20)
u (0, H =, () u,(, 1) = @y (1 (21)

Uy (6o 8) =ty (cq, B);

0
My () 2|y () 2 | (22)
X=¢q Ox x=c,

We divide the interval [0, 1] in such a way that the point x = ¢; be one of the approximation nodes,
Following (4), we integrate within the limits [x;— Ax/2), xil, [Xi, Xj + (A%x/2)] the equation

3L
() 2 [x(u)ax],

Ox

where

W) O0<<x<e,, M) 0<<x <<y,

p(u):{pl() < 0. }h(u):{ 1( 1) 0

P, ()  cp<<x<<l; Ay (ty) cp<<x<<l.

Adding up the results of the integration, taking into account (21) and (22), we obtain

U g h — (% A Ui + A u;
Piron—1T Picon—1  Yin—Uin- _ S ';" n—1 ( i_”;"' n—l * i+ % "_l) * H"é" pe T (23)
2 At - Ax? :
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Expanding both sides of Eq, (23) into Taylor series, we obtain
p (&)t + 0(A8) = K, + M -+ 0 (AXY).
Consequently, the difference equation (23) approximates the problem (17) with the order o(At + Ax?),
We have the problem

At Oir0,n—1 T Pip,n—1 At
7~,~_1 . n—1 AL Uiy n— [ 9 + Ax? M1y, Y }"i+l/2, 1) Uin
At 0:10.n—1 T Pion-1 . 24
-+ ?u‘._H/Z, el ———-——sz Uj1,n = 9 Uyn—1> ( )

1
Uy = o (Prp0 + Viod  Hon = Q1n> Uyp = Pon-

We obtain a problem of type (5), The scheme (24) is stable if dg;/dt and dg,/dt are bounded. In the case
of nonlinear boundary conditions

u)lclx-_-() =—q (t’ u,x=0); u,; lx=l= —4, (ty u1x=l)

the approximation of the form (23) leads to a problem of type (11), whose stability has been already studied.
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